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ABSTRACT. In this paper we generalize, to vector spaces over alge-
braically closed fields of characteristic zero, two well-known classical results
due to Laguerre and Grace, concerning, respectively, the relative location of
the zeros of a complex-valued polynomial and its polar-derivative and the rel-
ative location of the zeros of two apolar polynomials. Vector space analogues
of their results were generalized, to a certain degree, by Hormander, Marden,
and Zervos. Our results in this paper further generalize their results and, in
the complex plane, improve upon those of Laguerre and Grace. Besides, the
present treatment unifies their completely independent approaches into an
improved and more systematic and abstract theory. We have also shown that
our results are best possible in the sense that they cannot be further generalized
in certain directions.

1. Introduction. Let E be a vector space over a field K of characteristic
zero. A mapping P from E to K is called [9], [8, p. 55], [5, pp. 760—763] an
abstract homogeneous polynomial (a.h.p.) of degree n if for every x, y in E,

n
Pisx +1ty) =3 A, (x, p)skt"~* Vs rek,
k=0

where the coefficients 4, (x, ) are elements of K which are independent of s
and ¢ and depend only on x and y. Let P, denote the class of all nth-degree
a.h.p’s from E to K. The nth-polar of P is the mapping (see [6, Lemma 1] for
its existence and uniqueness) P(x, x5, ...,x,) fromEx Ex ... x Eto K
which is linear in each x; and symmetric in the set {x,} such that P(x, x, ... x)
= P(x) for every x in E. We may then specify the kth-polar of P by the relation

P(xl,...,xk,x)=P(xl,...,xk. X, Xyt u, X).

Presented to the Society, January 18, 1972 under the title Null-sets of abstract homo-
geneous polynomials in vector spaces; received by the editors May 30, 1973 and, in revised
form, November 20, 1974.

AMS (MOS) subject classifications (1970). Primary 30A08; Secondary 12D10.

Key words and phrases. Abstract homogeneous polynomials and their polars, apolar
polynomials, circular cones, hermitian cones, generalized circular regions, and generalized
balls.

(1) The results in this paper are partly contained in the author’s doctoral dissertation
(1971) at the University of Wisconsin-Milwaukee under the supervision of the University of
Wisconsin-Milwaukee Distinguished Professor Morris Marden. The author wishes to thank

him for his useful suggestions and advice all along.
115 Copyright © 1976, American Mathematical Society



116 NEYAMAT ZAHEER

If P€ P, the null-set Zp(x, y) of P (telative to given elements x, y of E) is
defined by

Zp(x,y) = {sx + ty #0ls, t EK; P(sx + ty) = 0}.

From now on we shall assume that K is an algebraically closed field of
characteristic zero. As is well known [6] (see also [1, pp. 38—40], [12, pp.
248-255]), such a field has a maximal ordered (“real closed” according to
van der Waerden) subfield K, such that K = K(i), where —i? is the unit ele-
ment of K. Since every element z in K has the form z =a + ib with g, b in K,
we define 7= a — ib, Re(z) = (z + 7)/2, and |z| = (@® + b?)*%. A subset 4 of
K is called Ky-convex if ZL, u;a; € A for every a; in A and y; in K, (the set
of all nonnegative elements of K) such that Z_,u; = 1. Adjoin to K an ele-
ment w (called infinity) and furnish K U {w} (denoted K ) with the following
structure: (1) the subset K of K, preserves its initial field structure; and (2) a
+tw=wt+a=wforeveryainK,a - w=w- a=wforeverya €K - {0},
and w1 =0,0"! = w. Given an element { of K, we define

0@ =1/z-%) Vz€K,.

A subset 4 of K, is called [16, pp. 353—373], [15, pp. 25—-26] a generalized
circular region of K, if either A4 is one of the sets &, K, K ,, or A satisfies the
following two conditions:

(1) ¢(A) is Ky-convex for every { €K — 4;

(2) w€EAif A is not K,-convex.

D(K,) denotes the class of all generalized circular regions of K,,. The empty
set &, K, K ,, and single-point sets (and their complements in K ,) are trivial
generalized circular regions of K ,. The characterization (due to Zervos [16,
pp. 372—-387]) of the class D(K,), when K is the field C of complex numbers,
leads to the following result [16, p. 352]: The nontrivial generalized circular
regions of C,, are the open interior (or, exterior) of circles or the half-planes,
adjoined with a connected subset (possibly empty) of their boundary. General-
ized circular regions of C,, with all or no boundary points included, will be
termed as (classical) circular regions of C,.

The class of generalized balls of K, consists of the following subsets of
K,:

(1) &,K, K, and the sets of the type {z € KlazZ + fz + Bz + v < 0}
or {z €Klazz + pz + pz + v <0} for some a €K, ,7 E Ky, and BEK;
and

(2) the complements in K, of the sets in (1).

It is trivial to show that generalized balls are generalized circular regions of K ,.
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2. Circular cones. In this section we give some definitions and concepts
leading to the construction of certain subsets (called circular cones [15, pp. 36—
40]) of a vector space E over K and we prove some results which will be fre-
quently used in our work. Throughout this paper £2 denotes £ x E and L[x, y]
the subspace of E generated by the elements x and y of E. We define an equiv-
alence relation “~” on E? as follows: We say that (x,, y;) ~ (x,, ¥,) if and
only if L[x,, y,] = L[x,, y,]. The equivalence class [(x, y)], containing the
element (x, y) of E2, is called nontrivial if x and y are linearly independent
(trivial otherwise). By axiom of choice we choose a unique element from each
nontrivial equivalence class and call the set N (C E?) of elements thus chosen
as a nucleus of E2. Note that N is nonempty if the dimension of E is at least
two. We define a mapping G from N into D(K ) as a circular mapping. We
then define a mapping T (for a given G) from N into the class of all subsets
of E by

(PR)) Tg(x, y) = {sx + ty #Ols, t €K; s/t € G(x, y)}.

Finally, given a nucleus N of £? and a circular mapping G from N into D(K W)
we define the subset Ey(V, G) of E by

22 E,V, G) =UT(x, »)

and call it a circular cone in E relative to N and G. (The union in (2.2) is taken
over all elements (x, y) EN)

REMARK (2.1). In a two-dimensional vector space E, every cone Ey(N, G)
is of the form

E (N, G) = {sx, +ty, #0ls, t EK; s/t € A}

for some 4 € D(K ), where x,, y, are any two linearly independent elements
of E, N = {(xg, y¢)}, and G(xq, yo) =A. Now we describe the class of sets
which were used by Hormander [6] and Marden [10] for their generalizations
of the theorems of Laguerre [7] and Grace [4] respectively. The sets of this
class, which we term as hermitian cones, are subsets E, of E of the form £, =
{x # 0]H(x, x) = 0} (or the ones obtained by replacing in this expression the
inequality “Z>" by “<”, “>”, or “<”), where H(x, y) is a hermitian symmetric
form [9] defined from E? to K. The following proposition shows that every
hermitian cone is necessarily a circular cone.

PROPOSITION (2.2). Let E| be a hermitian cone in E. Given a nucleus N
of E?, there exists a circular mapping G from N into D(K ) such that the cir-
cular cone E(N, G) =E, and E; N L[x, y] = Tg(x, y) for every (x, y) EN,
where T is as defined by (2.1).
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ProoF. We prove this proposition for the case when the hermitian cone
E, is given by E| = {x € E|x # 0; H(x, x) <0}. The proofs for the remaining
three cases are similar. If (x, y) belongs to N, then x and y are linearly inde-
pendent and

E N L[x, »] = {sx +ty # 0|H(sx + ty, sx + ty) <0}
= {sx + ty # Olass + Bsf + fst + ytf <0}

where a = H(x, x), 8 = H(x, y), and ¥ = H(y, ). We now construct a circular
mapping G from N into D(K ) as follows: For every (x, y) € N, define

G(x, y) = {p EKlapp + fo + Bp + v <0} ifx¢E,

2.3) —
Gx,»)={pEKlapp + o + 6, +7<0} U {w} ifx€E€E,.

It is easy to verify that E;, N L[x, y] = Tg(x, y) for every (x, y) € N. Conse-
quently, the circular cone E,(N, G) coincides with E,. This completes our proof.

The following example shows that there do exist circular cones which are
not hermitian cones.

ExAMPLE (2.3). Let H be a hermitian symmetric form having a Lorentz
signature [6, pp. 58—59], then [6, p. 58] there exist linearly independent ele-
ments x,, o of E such that H(xy, xo) =1, H(xq, yo) =0, and H(y,, y¢) <O.
Now we choose a nucleus NV of E2 such that (xg, ¥o) € N (which is always pos-
sible). Let E; = {x € E|H(x, x) < 0}. By Proposition (2.2), there exists a cir-
cular cone E,(N, G) such that Ey(V, G) = E,. Note that each set G(x, y) in
(2.3) is a generalized ball (with no boundary point included in it) of K,
(=K32,,) and, hence, a generalized circular region of K2 ,. Since (cf. (2.3))

— 2
G(xo: yo) - {p € Kl |P| < _H(yO’ yo)}9

we see that G(x,, y,) has at least three boundary points (see [16, Theorem 2,
p. 381]). We adjoin to G(x,, y,) a suitable nonempty proper subset of its
boundary (e.g., a single-point set) so that the resulting set 4 (say) becomes a
generalized circular region different from a generalized ball. Now we define an-
other circular mapping G, from N into D(K,) which agrees with G everywhere
except at (x,, y,), where we define Gy(x,, ¥o) = A. Then Eq(V, G,) is a cir-
cular cone (containing £,) which is not a hermitian cone. For otherwise, by
Proposition (2.2), there would exist a circular mapping (via (2.3)) G, (say) from
N into D(K ) such that

TGo(xo’ yo) = Eo(Nr Go) n L [xot yo] = TGl(xol yo)°

This would then imply that 4 = G,(x,, y,), which contradicts the fact that
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G,(xy, ¥o) is a generalized ball (cf. (2.3)). Hence Ey(N, Gy) is a circular cone
which is not a hermitian cone.

REMARK. This method of construction suggests the existence of a large
class (at least as large as the class of all hermitian cones defined by hermitian
symmetric forms of Lorentz signature) of circular cones E,(N, G,) different
from hermitian cones.

In the light of Example (2.3), we now state the following

THEOREM (24). The class of all circular cones in E contains properly the
class of all hermitian cones in E.

3. A generalization of Laguerre’s theorem. Our main result of this section
uses circular cones and is expressed in the following theorem which generalizes
the results of Laguerre [8, Theorem (13.2)], Hormander [6, Theorem 1] (cf.
also Marden [8, Theorem (14.1)]), and Zervos [16, Corollary (4.2), p. 360] . We
assume that the dimension of E is at least two.

THEOREM (3.1). If P EP, and E\(N, G) is a circular cone in E such that
Z,(x, y) C T;(x, y) for every (x, y) €N, then P(x,, x, . . . , x) # 0 for all
nonzero elements x and x, in E — E (N, G).

Proor. Let Ej = Ey(N, G) and x, x, be any two nonzero elements of
E - E\, so that x, x, € T(x,, y,) for any (x4, yo) €EN. If x, x, are linearly
dependent, then x, = ax for some @ € K — {0}. Consequently, P(x,,x,...,X)
=a - P(x) # 0. For, the vanishing of P(x) would contradict the fact that x €
E-E,.

If x and x, are linearly independent, then there exists an element (x4, ¥4)
€ N such that x = ax, + By, and x; = a;x, + B,», for some elements o, §,
@, B, of K for which o, — ;8 # 0. Since X is algebraically closed, we can
write

n
Psx +x))=]] G- 7] Vs, t €K,

=1
where the elements 5,- and 7; of K depend only on x, x, and are independent
of s and ¢. Since P('yl-x +8;x)=0 for all j, we see that

7% + 5;"1 = ('y].a + 81.011)xo + ('ij + Bl.Bl)yo € Ty(xy ¥o)

and that
G  (ye+8e)/(p+88)EGCK, ) Vi=1L2....n

Now
Px)=85,...5, #0, P(x,) = (—l)"')r|'y2 e, #0,
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and consequently 0/ 81 #O0forallj. If P = 7]./61, then p; # 0, w for all j.
Therefore (due to (3.1))

(32) P} = By + 0)I(p,8 +B,) € Glrg, yy) for all
Let U be the homographic transformation [16, p. 353] of K, given by
Ulp) = (0B, — @,)/(=pB +a) forallpEK .

Then (3.2) implies that p; = U(p;) € U(G(x,, ,)) for all j. Since x, x, ¢ E,,
obviously /B and «, /8, do not belong to G(x,, ¥,) and so0 0, w & U(G(x,, ¥,)-
By using the definition of a generalized circular region, we know [16, p. 353]
that U(G(x,, y,)) is a K -convex subset of K not containing the element 0.
Therefore

l n
(3.3) =3 #0.
But we know [6, p. 57] that

l n
P(xl,x,...,x)=—;']§pl.

Now (3.3) completes the proof of Theorem (3.1).
Successive applications of Theorem (3.1) for hermitian cones (a proper sub-
family of circular cones) give the following result.

COROLLARY (3.2) (HGRMANDER [6, THEOREM 1]). Let PEP, and E,
be a hermitian cone defined by

, = (x €Elx # 0; H(x, x) =0},

where H is a hermitian symmetric form from E? to K. If P(x) # O for every
x €E,, then P(x,, x5, ...,x,)# 0 forevery x,, x5, ...,x, €E,.

PROOF. Let N be a nucleus of E2. Since E — E; U {0} is also a hermi-
tian cone, Proposition (2.2) implies the existence of a circular mapping G (given
by (2.3)) such that E - E, U {0} = E,(N, G) and

(E"El U {0}) n L[x' y] =TG(x' y) V(x, y)eN

Clearly, then Zp(x, y) C T;(x, y) for every (x, y) € N and the proof of Corol-
lary (3.2) is obvious by successively applying Theorem (3.1) to P and its succes-
sive polars.

Second application of Theorem (3.1) leads to the following corollary which
is an improvement upon a classical theorem of Laguerre (see [8, Theorem (13.2)]),
in the sense that we use generalized circular regions of C,, in our result while
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Laguerre used the (classical) circular regions in his theorem.

CoROLLARY (3.3). Let f(2) = 22=0akzk be an nth-degree polynomial from
Cto C Given the elements ¢, ...,§, (k<n-—1)inC, wedefine the sequence
[x(2) (more precisely f;(§,, - . . , $x» 2)) of polar-derivatives of f by
fk(z) = (n -k+ l)fk_l(z) + (g-k - z)f;c_l(z),

where fo(z) = f(2). If all the zeros of f lie in a generalized circular region C of
C,,» then (for each k)

[ &pe e $a D#EO0 VE, .8, 2€C

PROOF. Any element x in C2 can be uniquely written as x = sx, + 1y =
(s, ?) for some s, t € C, where x, = (1, 0) and y, = (0, 1). Then (cf. Remark
(2.1)) the set
E,(N, G) = {sxy +ty, #0ls, t EC; s/t €C}

is a circular cone in C2, where N = {(xg» o)} and G(xy, o) = C. Define an
nth-degree ah.p. from C? to C by

n
PH)=Psxy +1p)= 3 a5 F  Vx=(s,neC,
k=0

Setting z = s/t, §; = s;/t;, and x; = (s;, #;), we observe that (cf. [8, p. 45] and
[8, equation (14.6), p. 56])

(34) P(x) =t"f(2)
and
Pxy,..osXpX,...,X)
= [(n - k)!/n!] * tl tt tk . tn_kfk(g-ls ey fk’ Z),

for all nonzero elements x, . . ., x,, x of C2. Consequently, Z p(x0s ¥o) C
T5(xg, o) = Eo(N, G) and the proof immediately follows from successive ap-
plications of Theorem (3.1).

Our last application of Theorem (3.1) leads to the following corollary, a
result due to Zervos [16, Corollary (4.2), p. 360].

(3.5)

COROLLARY (34). Let f(z) = E"=0akz" be an nth-degree polynomial from
K to K and let f'(z) = Z}_ ka\2*~1. Given the elements ¢,, ..., ¢, (k<
n — 1) in K, we define the sequence f,(z) (more precisely L& S 2)) of
polar-derivatives of f by

@ =@ -k+1Df,_ @+, - f_, (),



122 NEYAMAT ZAHEER

where f(z) = f(z). If all the zeros of f lie in a generalized circular region C of
K, then (for each k) f,(§\, . s $ D) FOVE, ..., $ 2 € C

ProoF. The proof of this corollary is exactly the same as that of Corol-
lary (3.3), when C is replaced by K.

The following example shows that Theorem (3.1) is best possible in the
sense that it cannot be generalized for vector spaces over nonalgebraically closed
fields of characteristic zero.

ExampLE (3.5). Let K, be a maximal ordered field (so that K, is a non-
algebraically closed field of characteristic zero [7, pp. 233, 250]). Take E =K (2,
with a basis consisting of elements x, = (1, 0) and y, = (0, 1). Let C be the
generalized circular region of K, given by C = {—1}. (Though we have defined
the generalized circular regions for an algebraically closed field of characteristic
zero, but the definition remains the same for a general field as in [16, pp. 353,
373] or [15, p. 26].) Then (cf. Remark (2.1)) the set

E,(N, G) = {sxy +ty, #0ls, t EK; s/t EC} = T (%, y,)

is a circular cone in E, where N = {(x,, ¥)} and G(x,, yo) = C. Now define
an ahp. PEP, by

Px)=Pisxy +ty))= s> + 52t +st2 + 13 = (s + (s +12)

for every x = (5, t) € E. Obviously Z,(xq, ¥¢) € Tg(xq, Yo) as s2 + % cannot
vanish unless s = ¢ = 0 (cf. [1, p. 36] ). Therefore, the hypotheses of Theorem (3.1)
are satisfied by P and Ey(V, G). Given x = (s, t) and x, = (s, t,), we see [9,
equation (2.4)] that

Px,, x,...,x)=(/3) - [s,0P[0s + t,3P[ot]
=(1/3) + [s,3s* + 25t + %) + ¢, (3% + 25t +5%)].

If we choose x = (1 ++/6, 1) and x, = (1, —2), then x and x, do not belong
to E,(N, G) whereas P(x, x,...,x)=0.

Now we give another example to show that Theorem (3.1) and its Corol-
laries (3.3) and (3.4) are best possible in the sense that the generalized circular
regions G(x, y) or C (used in those results) cannot be replaced, in general, by
generalized circular regions adjoined with arbitrary subsets of their boundary.

ExXAMPLE (3.6). Take E=C?, K =C,and C = {z € C|Im(z) <0} U {1, 2}.
Then C ¢ D(C,,), but the interior of C does belong to D(C,,). If we take x, =
(1,0),y0=(0, 1), N = {(xq, 7o)} and define G(x,, y,) = C, then E,(V, G) =
{sxo +tyy #0ls, t €C; s/t € C} =Tg(xy, y,) is a circular cone in E. Next,
we define an ah.p. P € P, from C? to C by
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Px) = Psxy +tyg) =212 = 3st + 5% = (s - )(s - 20),

for all x = (s, £) € C2. Then Zp(x, ¥o) C Tglxg ¥o)- I x, =(s;, ¢,), then
[8, p. 45]

Px,, x,...,x)=(1/2) - (s,dP[os + t dP[or),
=(1/2) - [s,(2s — 31) + 1,(4t - 39)].

Choosing x =(4,3) and x, = (0, 1), we notice that x, x, & E (N, G) whereas
P(x,, x,...,x)=0. This shows that Theorem (3.1) no longer holds for the
type of sets G(x, y) chosen above.

If we express the above facts in terms of an ordinary polynomial from C
to C, we obtain (see relations (3.4) and (3.5)) the following statement: If f(z)
=22 — 3z + 2, then all the zeros of f lie in C (as defined above) whereas
f1€y, 2)=0for &, = 0 and z = 4/3 (both being outside C). This shows that
Corollaries (3.3) and (3.4) do not hold in general for the type of sets C con-
sidered above.

In the following examples and succeeding remarks, we show that there
exist polynomials and circular cones (hermitian, or otherwise) satisfying the
hypotheses of Theorem (3.1). This fact, together with Theorem (2.4), estab-
lishes that Theorem (3.1) is a strengthened generalization of Hormander’s the-
orem [6, Lemma 2]. .

ExAMPLE (3.7). Let H be a Hamel basis for a (finite or infinite-dimen-
sional) vector space E over K. Then every element x of E can be uniquely
written (except for the order of its terms) as a finite linear combination of ele-
ments of H. (The proof is similar to the one given by Wilansky [14, The-
orem 1, p. 15] for the case when K = C.) We write x = Za - h (h being in H
and « in K) and, realizing that this means ", a, - h,, for a certain finite set of
scalars c,,, we shall still understand that the summation Za - & is carried over
all of H with zero coefficients for all but a finite number of elements 4 in H.
Given x = Za - h, we shall denote by Za the sum of all the coefficients of h
in the expression for x.

Given any nucleus N of E2, we take the circular cone E, oV, G), where G
is the circular mapping from N to D(K ) defined as follows: For every (x, y)
€N (withx = Za - h and y = Zf - h) we define

G, y)=K, ifZa=2p=0,

= {_Zﬁ/ Za}, otherwise.

Therefore, in the two cases we respectively have
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T,(x, y) = {sx +ty #0ls, t EK},
and
Tox, »)= {sx +ty#0ls, t€K;s/t= -ZB/Za}
= {z €Ll yll=28 h+0,28= o}.
Consequently, the circular cone E(N, G) is precisely given by
E,(N, G) = {z €Elz=25-h+0;25 = o}.

Now we define an nth-degree a.h.p. P from E to K by

P(x)=(2a)n Vx=2a-hEE.

Obviously then Zy(x, ) C T;(x, y) for every (x, ) EN. Le., P and E (N, G)
satisfy the hypotheses of Theorem (3.1).

ExaMpPLE (3.8). In a two-dimensional vector space E over K with basis
{xg» Yo} let us take any circular cone Eo(N, G) given by (cf. Remark (2.1))
Ey(N, G) = {sxo + tyy # Ols, t EK; s/t € C}, for some C € D(K,,), where
N = {(xq, ¥o)} and G(xq, o) = C. If only a nonempty proper subset of the
boundary of C is included in C, we observe (as at the end of Example (2.3))
that the set Eo(N, G) is not a hermitian cone. (Note that for K = C, a choice
of such circular cones Ey(N, G) can easily be made by taking a generalized cir-
cular region C in D(C,,) such that a proper nonempty connected subset of the
boundary of C is included in C.) Given such a circular cone Ey(V, G) in E, we
can always find an nth-degree ah.p. P from E to K such that the null-set
Zp(x g, ¥o) of Pis contained in T (xg, ¥o) = E(N, G). We show this as fol-
lows: Take any elements p,, . . . , p,, (one or more may possibly be on the
boundary of C) of C and define

n
P(x) = P(sxy +1tyy) = Hl G-pt) Vx=sx,+1y,€L
l=

Clearly, then Zp(xg, ¥o) € T(xg, Yo)-

Hence: For every circular cone (hermitian, or otherwise) in a two-dimen-
sional vector space E over K, we can always find an a.h.p. from E to K satisfying
the hypotheses of Theorem (3.1).

ExXAMPLE (39). As in Example (2.3), if E; = {x € E|x # 0; H(x, x) < 0}
is a hermitian cone with H as a hermitian symmetric form of Lorentz signature,
then there exist linearly independent elements x,, and y such that H(xg, x4) =
1, H(xo, o) =0, and H(yy, y,) <0. X we set F = {y € E|H(x,, y) =0}, then
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H(y, y) <0 for every y in F and any element x of E can be uniquely written
(cf. [6, p. 58]) as x = tx, + y, where y € F and t = H(x, x,). We can then
define an nth-degree ah.p. P from E to K by P(x) = ¢* for every x in E. Fol-
lowing the construction of Example (2.3), we can take a circular cone E,(V, G,)
which is not a hermitian cone and which properly contains E,. From the defini-
tion of P, we see that P(x) = 0 if and only if x € F. Since FCE, and E; N
Lx,y] CTg o, »), it then follows that Zp(x, y) C Tgo(x, y) for every (x, y)
€ N. Hence: For every circular cone belonging to the class of circular cones
discussed in the remark following Example (2.3), we can always find an a.h.p.
satisfying the hypotheses of Theorem (3.1).

REMARKS. Examples (3.7)—(3.9) show that there exist circular cones and
ah.p.’s satisfying the hypotheses of Theorem (3.1). In Examples (3.8) and (3.9),
however, these cones may not necessarily be hermitian. Furthermore, Examples
(3.8) and (3.9) exhibit a class of circular cones for which we can always find an
ah.p. satisfying the hypotheses of Theorem (3.1). This class consists of the fol-
lowing type of circular cones:

(a) all circular cones (hermitian, or otherwise) in a two-dimensional vector
space E over K;

(b) all hermitian cones E, defined by a hermitian symmetric form of
Lorentz signature;

(c) all circular cones E (N, G) obtained via the construction in Example
(2.3) (these are not hermitian cones—see remark following Example (2.3)).

4. A generalization of Grace’s theorem. Before stating our theorem, we
define the concept of apolarity (equivalent to the one given by Marden [10])
for a pair of ah.p.’s, without introducing an additional operator [10, equation
(2.2)]. Our definition is as follows: Let P, Q be ah.p.’s (both of degree n)
given by

n
Psx + )= 3 Cln, k) - A, (x, y) - s¥¢"k,
k=0

OGx +ty) = i C(n, k) * B, (x, y) - s*t"~¥,
k=0

where C(n, k) = n!/k!(n — k)!. We say that P and Q are apolar with respect to
(linearly independent) elements x, y of E (written briefly, PLQ][x, y]) if

3 (= DFC(n KAz, Y)By_ys ) =O.
k=0

Note that the above definition makes sense only when x, y are linearly inde-
pendent. For, otherwise, any two polynomials of the same degree turn out to be
apolar as shown below: If x and y are nonzero linearly dependent elements of
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E (of course P, Q are apolar whenever x or y is zero), there exists a nonzero
scalar @ in K such that y = ax. Therefore

P(sx +ty) =(s +ta)" - P(x) = z"j Cn, k)" ~*P(x) - s*¢"—*,
k=0

OGsx +ty)=(s +t)" - Q(x) = fn_j Cn, k)" ~*Q(x) - skt —k.
k=0
That is, 4,(x, y) = & % Px), B (x, y) = " ~*¥Q(x), and

3" (= 1C(n, KA (x, )B, _,(x, ») = e - P(x) - 0(x) - (1 + (= D) =0.

k=0
Consequently P1 Q[x, y]. That is why we shall assume (throughout our dis-
cussion of apolarity) that x, y are linearly independent and that the dimension
of E is at least two.

Successive applications of Theorem (3.1) give the following lemma, which
will be found useful in proving our main result.

LEMMA (4.1). Let P € P, and E(N, G) be a circular cone in E. If
Zp(x, y) C Tg(x, y) for some (x, y) EN, then P(s,x + t,y, ...,s,x +t,y)#
0 for all nonzero elements sxx + ty € L[x, y] —Tgx, y), 1 <j<n.

ProoF. Applying Theorem (3.1) to the polynomial P and the circular
cone T;(x, y) in the subspace L[x, y], we see that P(x,, x,, ...,x,) #0
for all nonzero elements x,, x4 in L[x, y] — T5(x, y). If we put

P (xg)=P(x;, %y, ...,x) Vx, €E,

then P, is an (n — 1)th-degree a.h.p. such that Zp, (x, y) C T5(x, y). We con-
clude again from Theorem (3.1) that P(x,, x,, Xq, . . . , X¢) # O for all nonzero
elements x,, x,, x, in L[x, y] — T¢(x, ). Continuing, similarly, we can prove
the lemma under consideration.

Now we prove the following theorem, which generalizes the theorems of
Marden [10, Theorem (3.1)], Zervos [16, p. 360] , and Grace [8, Theorem (15.3)],

[4].

THEOREM (4.2). Let Ey(N, G) be a circular cone in E and P, Q € P, such
that Zp(x, y) C Tg(x, y) for some (x, y) EN. If PLQ[E n] for some &, n €
L[x, ¥], then

(4.1) Zy(x, ) N EyV, G) # 2.
More precisely,

4.2 Zy(x, y) N Ty(x, y) # 2.
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ProOF. Note that statement (4.2) implies statement (4.1). Suppose, on
the contrary, that the assertion (4.2) is false. Then ZQ(x, »CLllxyl -
T;(x, y). Since K is algebraically closed, we can write

P(st +1tn) = InI (Sis - 7it) = ki C(n, k)Aks"t""‘,
j=1 =0

Ot +1n) = ﬁ (ﬁl.s - a,.t) = zn: C(n, k)Bks"t”"‘,
j=1 k=0

where the coefficients ;, §;, ¥;, 8;, Ay, By, are all elements of K which depend
only on £, 1 and are independent of s and ¢. Obviously, since L [x, y] = L[&, 7],
Zp(x, y) = Zp(&, 1), and ZQ(x, y) = ZQ(S, n), we notice that o;¥ + ;7 are all
nonzero elements in L[x, y] — T;(x, y). By Lemma (4.1) then

4.3) Plat+Bm,...,08+ B,m) # 0.

Let S, denote the sum of all possible products of the form g, - - B, - &, 4,
...a, got by permuting 1, 2, . . ., n in all possible ways. Then the definition
of polar gives

44) Pk +Bm....af+m) =kioSn_kP(xl, o x),
where x; = Eforj<kand xX;=n for j > k. Comparing the expressions for
O(s¢ + m), we get
4.5) C(n, k) - B, = (-1)""ks, .
Since

P(st+m)=Pst+m,...,s¢E+1m)

= i Cln k) - Plx,,...,x,)" skn—k,
k=0

where x; = £ forj<kand xX;=1 for j > k, we obtain
(4.6) A, =Px,,...,x,) foralk

Consequently, the assertions (4.3)—(4.6) contradict the fact that

n
:‘—:o (-1*¥C@, k) - A B,_, = 0.

This completes the proof of Theorem (4.2).
First specialization of this theorem to hermitian cones gives the following
corollary, a result due to Marden [10, Theorem (3.1)].

COROLLARY (4.3). Let E; = {x € E|x # 0; H(x, x) < 0} be a hermitian
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cone in E, where H is a hermitian symmetric form defined from E 2 t0 K. Let
P, Q €P, such that P L Q[x, y] for somex, y in E. If Zp(x, y) CE,, then
Zox, )NE # 2.

Proor. We take a nucleus N such that (x, y) € N (this is always possible).
Proposition (2.2) then implies the existence of a circular mapping G such that
Ey(N, G)=E, and E; N Llxy, ¥o] = Tg(xg, ¥o) for every (x4, yo) €N. Con-
sequently, Zp(x, y) C Tg(x, ) and PL Q[x, y]. The proof is now complete in
view of Theorem (4.2).

Our second application of Theorem (4.2) gives the following corollary, an
improvement upon Grace’s theorem [8, Theorem (15.3)] in the sense that we
use generalized circular regions instead of the classical ones.

COROLLARY (44). Let C denote the field of complex numbers and let f,
g be nth-degree polynomials (from C to C) given by

n n
4.7 f@ =3 Cn, k)4, 2%, gz)= 3 C(n, K)B,2*.
k=0 k=0

If f and g are apolar, i.e. Z_o(—1)*C(n, k)4, B, _x = 0, and if all the zeros
of f lie in a generalized circular region C of C,, then at least one zero of g lies
in C.

PrROOF. Proceeding as in the proof of Corollary (3.3) and using the same
notations, let us take N = {(xo, ¥o)}, G(xo, o) = C, and define

EO(N' G) = {Sxo + tyo #0l|s, t€C; s/tE€C} = T(;(xo’ yo)’
n
PX)=P(sxy +ty))= Y Cn, K4, 8" % Vx=(@1n€E c2,
k=0

0(x) = Q(sx, + tyy) = :\: C(n, k)B,s*t"~k  Vx=(s )€EC.
k=0

Then P(x) = £* - f(s/t) and Q(x) = t" - g(s/f) for all nonzero elements x = (s, 1)
€ C2. Obviously Zp(x, ¥o) € Tg(xgs Vo) and PL Qlxq, yol, where (xo, ¥o)
€ N. Now Theorem (4.2), applied with (x, y) = (xq, ¥o) = (¢, ), gives
ZQ(xo, Vo) N Tg(xg, ¥o) 2. Consequently, there exists a nonzero element
(s, ) € C? such that g(s/t) = 0, s/t € G(x,, yo)- le.8(z)=0 for some z € C.
This proves our corollary.

Last application of Theorem (4.2) gives the following result due to Zervos
[16, p. 363]. In fact, Theorem (4.2) is a generalization of his result to vector
spaces of any dimension (finite or infinite).

COROLLARY (4.5). Let f, g be nth-degree polynomials (from K to K) de-
fined by the expressions (4.7). If f and g are apolar and if all the zeros of f lie
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in a generalized circular region C of K ,,, then g has at least one zero in C.

ProOF. The proof is same as that of Corollary (4.4) when C is replaced
by K.

In the remainder of this section, we discuss the validity of hypotheses and
the degree of generality of Theorem (4.2).

It is known [8, p. 60] that there exist infinitely many polynomials (from
C to C) which are apolar to a given polynomial, and Szego ([11,89, Theorem 1],
see also [8, p. 61]) has given a method for constructing such polynomials. The
following theorem presents such a construction for ah.p.’s from E to K.

THEOREM (4.6). Given elements x, y € E and an a.h.p. P € P, there exists
an a.h.p. Q* € P, such that Q*1 P[x, y].

PrROOF. Let P be given by
< k
Pt +1tn) = 3 Cn, k)A, (£ ms*e"~
k=0
and let us take any ah.p. Q € P, given by

n

OGst + m) = 3 Cn, KB, (£, m)s* 1"~
k=0

=,l¥ [61(29 n)-s-— 7/(5’ - t].
Now define an ah.p. R €P,, by
R(st + m) = i (__ l)kC(n, k) - A,,(S. ) * Bk(s' E s2kt2(""‘).
k=0

Finally, given the elements x, y of E, we choose (there must exist one) an ele-
ment px + vy in Zp(x, y) and define an ah.p. 0* €P, by

0¥t + m) =ir:; CICROREI R R
= 3" Cln, BYE, M (say),
k=0

where 87(¢, 7) = v2y,(£, 1) and Y¥(¢, 1) = u28,(¢, ). We claim that 0*1 P[x, y]
as follows: For convenience of notations, we shall write 4, (x, y), B,(x, y),
Bi(x, ), 8,(x, y), and 7(x, y) simply as Ay, By, By, §;, and 1; respectively.

So that 8% =»? - y; and ¥ =p? - 5. Let S; (resp. St) denote the sum of all
possible products of the form &, - - -8, - v, ., - - -7, (resp. 6% - - - &% *

Ye+1 * Y got by permuting 1, 2, . . ., n in all possible ways. Then

* _ 2k, 2(n-k) .
Se=v u2(n=k) Sk
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But the expressions for Q*(sx + 1) and Q(sx + ty) respectively imply that

(-1)"*Sk=C(n, K)B} and (=1)""KS, =C(n, K)B,.

Therefore
B;: = (_ l)n . V2ku2(n—k) . Bn_k

and

n n
Y (-D*C@m, KA B;_, = (=1)" kz (= 1)¥C(n, k)4, B, u*v?n=F)
=0 =0

=(=1)"R(ux +vy) =0.
This establishes our claim.

The following example shows that Theorem (4.2) cannot be further gen-
eralized for vector spaces over nonalgebraically closed fields of characteristic zero.
ExaMPLE (4.7). Using the notations of Example (3.5) and taking the
vector space E (= K3), the circular cone Ey(N, G), and the ah.p. P € P, of that

example, let us define an ah.p. Q € P, by

0(x) = Q(sxy +tyg) =263 + 51 + 1052t + 55° = (s + 20)(5s* + 1?)

for every x = (5, t) €E. Then Zp(x,, o) C T5(xq, Vo), as shown in Example
(3.5). Also, we can easily verify that PL Q[x,, y,]. Therefore P, Q, and
Ey(N, G) satisfy the hypotheses of Theorem (4.2) when (x, y) = (xo, 7o) =
(¢ m). Since Ss? + 2 cannot vanish unless s = ¢ = 0 (cf. [1, p. 36]), we notice
that Z Q(xo, Yo) N Ey(N, G) = &, contrary to the conclusion of Theorem (4.2).

Next, we give another example to show that Theorem (4.2) and its Corol-
laries (4.4) and (4.5) are best possible in the following sense: The generalized
circular regions T;(x, y) or C (used in those results) cannot be replaced, in gen-
eral, by generalized circular regions adjoined with arbitrary subsets of their
boundary.

EXAMPLE (4.8). Let us take the vector space E (= C?), the set C, the
circular cone E,(V, G), and the 2nd-degree ah.p. P of Example (3.6) and define
another 2nd-degree ah.p. Q from C? to C by

0(x) = Qlsxy + tyy) == 71> — 25t + 552 = (s + )(5s ~ 7)

for every x = (s, £) € C2. Then it is trivial to see that P 1 Q[xq, ¥l and

Zp(xg, ¥o) € Tg(xg, ¥,o), Whereas ZQ(xo, Yo) NEGN, G)=&. That is, The-

orem (4.2) is no longer valid (in general) for the type of sets G(x, y) considered.
If we express the above example in terms of ordinary polynomials (from

C to C), we obtain (due to relation (3.4)) the following statement: If f(z) =

22 — 3z + 2 and g(z) = 5z% — 2z — 7, then f and g are apolar and all the zeros
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of f lie in C, whereas no zero of g lies in C. le., Corollaries (4.4) and (4.5) do
not hold (in general) for the type of sets C chosen here.

ReMARK. In Examples (3.7)—(3.9) and the succeeding remarks, we have
already shown the existence of ah.p.’s P € P, and circular cones E¢(VN, G)
(hermitian, or otherwise) such that Zp(x, y) C T5(x, y) for every (x, y) € N.
Consequently, in the light of Theorem (4.6), there exist apolar a.h.p.’s and
circular cones (hermitian, or otherwise) satisfying the hypotheses of Theorem (4.2).
This fact, together with Theorem (2.4), establishes that Theorem (4.2) is a
strengthened generalization of Marden’s theorem expressed in Corollary (4.3).
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